A combination of molecular quantum electrodynamics, perturbation theory, and ab initio calculations was used to create a computational methodology capable of estimating the rate of 3-body singlet upconversion in organic molecular assemblies. The approach was applied to quantify the conditions under which such relaxation rates, known as energy pooling, become meaningful for two test systems: stilbene-fluorescein and hexabenzocoronene-oligothiophene. Both exhibit low intra-molecular conversion but inter-molecular configurations exist in which pooling efficiency is at least 90% when placed in competition with more conventional relaxation pathways. For stilbenefluorescein, the results are consistent with data generated in an earlier experimental investigation. Exercising these model systems facilitated the development of a set of design rules for the optimization of energy pooling.
INTRODUCTION
The frequency of available light is often lower than desired for a given task. For instance, lowenergy light can take advantage of an optical transparency window of biological tissue ? and penetrate to ingested theranostic nanoparticles, ? but the photoactivated release of cancer drugs requires energy in the UV range. ? Within the same backdrop of internal medicine, the fluorescence of biomarkers is difficult to detect if it is in the same frequency as the light used to excited them. ? The efficiency of photochemical processes in biological systems also suffers as a result of a mismatch of existing and desired frequencies of light. For instance, microalgae used in energy harvesting strategies do not efficiently utilize the red end of the solar spectrum for biomass production. ? An analogous issue confronts those involved in the design of solar panels, since a large swath of the solar spectrum reaches earth at frequencies too low to be utilized by existing photovoltaic technology. ?
Motivated by such disconnects between the desired light and that available, a number of strategies have been developed to upconvert light to higher frequencies. One of the simplest upconversion methods is the two-photon absorption (TPA) shown at left in Fig. 1 , but this occurs only under extremely high intensity light. ? ? Nanostructured condensed matter, though, can be fabricated to independently absorb low-energy photons and subsequently combine the separate excitons into a single, higher energy state. Such upconversion processes are distinct from nonlinear optics in that the initial excitons can be created at distinctly separate times and, typically, on differing nanostructures. These processes, for instance, allow the infrared spectrum to be utilized to carry out high-energy tasks in photovoltaics ? ? ? , biofuel production and medical applications. ? ?
In principle, upconversion can be carried out by sequentially exciting a single electron, known as Excited State Absorption (ESA), as shown at right in Fig. 1 . However, it is difficult to design systems in which ESA is efficient while ensuring that the resulting energy can be transferred before the exciton thermalizes. ? Much more practical to implement is a two-electron process, shown in Fig. 2 , in which a sensitizer molecule absorbs photons and transfers excitons to an activator. The latter are typically lanthanide atoms for which the 4f excitation is encapsulated within the 5s bonding orbital. ? A low electron-phonon coupling results and the thermalization is consequently slow. EP can occur via the two separate mechanisms illustrated in Fig. 3 . The first is Accretive Energy Transfer (AET) in which one donor transfers its energy to a second donor, placing that donor into a virtual state. The second donor transfers its energy to the acceptor, and all time orderings contribute to the dynamics. The second pooling process is Cooperative Energy Transfer (CET) in which the energy of one donor is transferred to the acceptor placing it into a virtual state. A second donor also transmits its energy to the acceptor, and the combined result is that the acceptor is in one of its eigenstates. As with AET, all time ordering contribute the the total pooling rate. Although experimentally observed for lanthanide suggests the possibility of organic upconversion providing an initial focus for the current computational investigation. Upconversion was observed to have occurred under high intensity excitation of the fluorescein donor resulting in excitation of the stilbene core. It was observed that unless two donors were bonded to each stilbene no upconversion occurred, eliminating TPA as a possible explanation. The paper concludes that either triplet-triplet annihilation (TTA) upconversion or some three-body resonance energy transfer (EP) could be responsible for the observed data but leans towards TTA.
A quantum electrodynamics (QED) approach is combined with ab initio excited state structure calculations to quantify upconversion rates in assemblies of organic molecules. The codes are applied in a parametric study to formulate a set of design rules that can be used to guide the synthesis of systems that can efficiently carry out energy pooling. The computational suite is subsequently applied to quantify upconversion processes in two condensed mat- 
METHODOLOGY
Molecular QED provides a description of the competing energy transfer pathways, and those considered are shown in Fig. 6 . Internal conversion and thermalization were not considered explicitly. Instead, it was assumed that electron-phonon coupling is sufficiently high that such processes, when available, dominate any relaxation dynamics. For instance, transitions to levels above the first excited state are assumed to immediately cool to the first excited state.
All relaxation rates between initial and final states, |i and |f , were derived from n thorder perturbation theory and so are expressed in terms of a coupling matrix element, W (n) , and an energy density of states, δ:
In turn, the coupling, W (n) , has a functional dependence on the interaction Hamiltonian, V , that depends on the order of perturbation theory, n:
It is often the case that the rates of two relaxation processes can be quantified using perturbation theory with each governed by the lowest non-zero interaction matrix element from Eqs. 2-4. In such situations, it might be tempting to conclude that the process of lowest order will be the fastest, but this is not always the case since molecular separation must also be taken into account. For instance, Förster Resonance Energy Transfer (FRET) can be more rapid than photoluminescence (PL) even though it is a second order perturbative process while PL is first order. Generally speaking, perturbative dynamics tend to have inverse polynomial relationships with separation distance, r, and the r-dependence of first, second, fourth, and sixth order processes are r 0 , r −6 , r −12 , and r −18 dependence, respectively. Fig.   7 shows that it is possible for each process to dominate relaxation over a range of separation distance, with closer distances associated with higher order processes in general. Scaling factors for the r 0 , r −6 , r −12 , and r −18 curves were chosen to be 1, 0.2, 2×10 −3 , and 10 −7 , respectively. This choice was based on the assumption that the scaling factor should decrease exponentially with increasing order of perturbation theory. This suggests that energy pooling, a fourth-order perturbative process, will be observable only when molecular separations are very small. For a given relaxation process, the interaction Hamiltonian can be expressed using the electric dipole approximation, and the form is the same for each of type of dynamics considered in this work:
In these equations, k is the wave vector, λ is the polarization index,â † (kλ) andâ (kλ) are photon creation and annihilation operators, ξ(kλ) and ξ (kλ) are the unit polarization vectors for each photon mode, c is the speed of light in vacuum, 0 is the free space dielectric constant, and Ω is the normalization volume. (10) with the electric-dipole coupling tensor, V and two-photon absorption tensor, α, given by
The following notation is used in these equations: ?
• k refers to the magnitude of the wave vector associated with a photon emitted from an excited donor;
• µ xy(z) represents the transition dipole moment from state y to state x on molecule z;
• R, R , and R are the displacement vectors between molecules D and A, molecules D'
and A, and molecules D and D' respectively. Hats indicate unit vectors while R, R , and R are vector magnitudes.
• γ is a generic broadening taken to have a value of k B T (∼25 meV). Varying this parameter up to a maximum value of 100 meV caused less than an order of magnitude change in the rates. While this caused a quantitative change in the rates and efficiencies, there was no qualitative change in our results. This is consistent with other studies on the effect the broadening term on energy transfer processes between molecular systems. ?
• ζ represents the possible virtual states that occur between the initial and final state.
It is worth noting that an approximation is sometimes made to simplify the numerical evaluation of the two-photon absorption tensor, α, by reducing the sum over all states in Eq.
?? to the sum of only the first and final state. However, this approximation is only reasonable under very specific conditions: (1) the molecule must posses a electric dipole moment that is larger than its transition dipole moments; (2) no singlet states must be closer in energy to the virtual state than the initial and final state; and (3) neither the initial or final state can have any excited states that are close in energy. The second condition makes this approximation invalid for the AET. For CET, this second condition can sometimes be met. However, for the acceptor molecules considered in this paper the electric dipole moment is essentially zero for CET so the first condition is not met.
The square of the two-photon absorption tensor, α ij α kl , is proportional to the rate of two-photon absorption, Γ T P A , given here in three different representations because each has a discipline in which it is commonly used:
Here β is the two-photon absorption coefficient, σ (2) is the two-photon absorption crosssection, and the imaginary part of the third-order electric susceptibility is χ (3) . ? ? ? In addition, I is the irradiance of the light source and N is the number of molecules in the absorbing material.
Summations are over the entire electronic eigenbasis although only a cutoff is imposed in practice. The energy terms, E, refer to the electronic energy only and do not include the energy of photons that may be present in either the initial or final state. A Lorentzian function is used for the electronic density of states:
The set of rate equations summarized above was populated using electronic structure analyses for the stilbene-fluorescein and hexabenzocoronene-oligothiophene geometries shown in Figs. 4 and 5. In the original experimental report on upconversion in stilbene-fluorescein, intermolecular structural information was absent except for a brief comment describing the material as a "red crystalline phase". ? Because of this lack of structural information, the material was treated here as an assembly of interacting molecules without translational symmetry.
Molecular geometries were calculated using Density Functional Theory (DFT) and TimeDomain (TD)-DFT theory for ground states and excited states, respectively. The Def2-TZVP atomic basis set was used for all calculations. ? However, a series of exchangecorrelation functionals were considered that include: PBE, PBE0, B3LYP, and CAM-B3LYP. ? ? ? ?
The impact on excited state properties of implementing the Tamm-Dancoff approximation (TDA) was also studied. ? Absorption and emission spectra were produced directly from the TD-DFT calculation of the ground state geometry and excited state geometry respectively. ?
For comparisons with experimental emission spectra, Kasha's rule was enforced. ?
Despite being referred to as ab initio calculations, an entire biom of density functionals have evolved for capturing electron exchange and correlation effects across the spectrum of condensed matter systems. Care must be taken in choosing a functional best suited to the system being studied, and this is particularly true for energy pooling. For instance, discrepancies in donor energy levels are doubly counted in the associated electronic density of states, and products of four transition dipole matrix elements make pooling rates especially sensitive to errors in their estimation. As a guide for choosing exchange/correlation functionals, experimental absorption and emission spectra were measured and compared with those generated using PBE0, CAM-B3LYP, and B3LYP functionals. ? ? ? ?
UV-vis absorption spectra for HBC was performed in solution using chloroform as a solvent. The emission data for oligothiophene was taken in a solution of chloroform. The oligothiophene samples were placed in 1 cm x 1 cm quartz cuvettes and excited with 380 nm light. Emission data was taken over the range of 390 to 690 nm, measured 90 degrees relative to the excitation. These measurements were performed at room temperature using a PTI fluorometer with an Ushio UXL-75XE xenon short arc lamp and a Hamamatsu R928P
PMT tube operating at~1000 V, DC.
As shown in Fig. 8 , the CAM-B3LYP exchange/correlation functional was determined to be best for stilbene while PBE0 gave the best match for fluorescein. The thermal broadenings used to generate the spectra were 250 meV for stilbene and 80 meV for fluorescein. In the case of stilbene, the experimental absorption data is for trans-stilbene rather than the trans-4,4 -diaminostilbene using for pooling calculations. 
RESULTS

Stilbene-Fluorescein
Intermolecular and intramolecular dynamics were first considered for a single stilbene-fluorescein molecule, shown in its ground state configuration in Fig. 4(a) . As a computational expedient, the molecule was divided into a 4,4 -diaminostilbene core and two fluorescein-5-isothiocyanate antennae with each moiety passivated and subjected to individual electronic structure analyses to obtain the required transition dipoles, electric-dipole coupling tensor and two-photon absorption tensor. The interactions between the core and antennae were assumed to be well-characterized by simple dipole coupling allowing Eqs. (7)- (10) to be used to calculate the rates of energy pooling and the competing processes. The rates are shown in Table 1 . The two orientations considered are displayed in Fig. 10 . In simplest terms it is a comparison of intermolecular energy pooling and intramolecular energy pooling.
In the intramolecular configuration, we see that the efficiency of the energy pooling is relatively small. The main factor for this is the center to center distances between the three molecules. Conversely, if we consider intermolecular system we see that smaller distance favors the energy pooling mechanism. There is an additional orientation factor that does Figure 9: Comparison of spectra from TD-DFT calculations and experimental measurements using exchange/correlation functionals giving best match to data. These are identified in the figure legends. favor the intramolecular orientation, but it is small compared to the effect separation plays.
The original experimental results did not quantify the efficiency of upconversion in such a way that a direct comparison could be made. ?
The possibility of triplet-triplet annihilation (TTA) was also considered. In the geometry of the first excited state it was determined that the energy gap between the singlet state and the nearest lying triplet state was only 20 meV. This makes the possibility of intersystem crossing extremely likely. Additionally, when relaxed in the triplet state it was found that the energy gap widened to 400 meV, which means that the intersystem crossing in unidirectional; once the triplet state is formed it is very unlikely for it to revert back into a singlet. Since the rate intersystem crossing can not be calculated within our theoretical setting, the efficiency of this process is not known. 
Hexabenzocoronene-Oligothiophene
Hexabenzocoronene-oligothiophene (HBC-OTP) was studied next because the emission energy of the OTP is over half the absorption energy of the HBC making energy pooling possible. In addition, the hexagonal shape of the HBC allowed for six antennae rather than two increasing the probability of two antennae being excited simultaneously, an important requirement for energy pooling. Last, it has been observed that HBC tends to form collimated liquid crystalline phases that can be aligned along a given direction by the application of an external electric field. This effect is believed to give rise to high carrier mobility. ?
The geometry is shown in Fig. 5 . Each component was assumed to be insulated and studied individually. The alkyl chains were methyl terminated for the HBC, but not for OTP due to the possible impact on the molecular geometry. Table 2 gives the results of the rates and efficiencies for each of the configurations of the HBC-OTP system. The efficiency of energy pooling in the intramolecular system is only about 0.4%; high enough to be experimentally measurable but considerably less than desired. The main cause of this low rate is the relatively large distance between the geometric centers of the core and antennae. The fourth configuration is by far the most efficient in any case. This is due to the small center-to-center distance of the core and antennae in this configuration. If the distance factor is changed to match the distance in the first three configurations, the fourth configuration would be less efficient than the others due to the direction of the transition dipole moments. 
CONCLUSIONS
Organic molecular assemblies tend to have strong electron-phonon coupling and a concomitant rapid internal conversion of excess exciton energy into heat. This is a primary obstacle in the design of organic upconversion materials. In such settings, energy pooling offers the prospect of efficiently up-converting excitonic energy by avoiding states in which hot excitons can lose energy to phonons. However, the conditions under which such relaxation rates become meaningful is not understood, motivating the current investigation. A combination of molecular quantum electrodynamics, perturbation theory, and electronic structure calculations was used to develop a simulator that calculates energy pooling rates along with other relaxation processes. These include photoluminescence and energy transfer upconversion but not triplet-triplet upconversion. Internal conversion was assumed to be much more rapid than any other relaxation dynamics. An important computational expedient was to assume that the interaction between donor and acceptor units is well-approximated by electric dipole coupling. This allowed rate expressions to be developed that can be populated with electronic structure data associated with isolated units-e.g. transition dipole elements for isolated donor molecules and isolated acceptor molecules.
Two specific example systems were chosen to exercise the methodology: stilbene-fluorescein and hexabenzocoronene-oligothiophene (HBC-OTP). In the case of the stilbene-fluorescein, it was found that intra-molecular energy pooling is measurable but with an efficiency less than 0.0%. This can dramatically improved, however, to approximately 17% efficiency for geometry-optimized inter-molecular dynamics. An examination of excited singlet and triplet energy levels, though, indicates that there is only small energy gap between the first singlet and the nearest triplet state. This leads us to conclude that triplet-triplet annihilation is also a reasonable interpretation for the upconversion observed in previous experiments, but the computational estimate of triplet-triplet annihilation is beyond the scope of the present investigation. For HBC-OTP, the efficiency of intramolecular energy pooling is estimated to be 0.4%, primarily limited by the large spacing between donor and acceptor components.
On the other hand, an optimized co-facial orientation that could be associated with either inter-molecular dynamics or OTP arms bent back onto the HBC yields pooling efficiencies of 99%. Cooperative Energy Pooling was found to be much more efficient that Accretive Energy Pooling in all cases. We conclude that the future design efforts should focus on inter-molecular dynamics that employ the following design guidance:
• Energy pooling has an extremely sensitive r −12 distance dependence as compared with compared the r −6 dependence of energy transfer upconversion. This suggests that donor-acceptor distance should be minimized to promote energy pooling. As separation between components is reduced, though, multipole effects will become increasingly important as will Dexter processes.
• Both donor and acceptor components should be chosen to have a large Two-Photon Absorption (TPA) cross section. This is because both pooling rates correlate with the TPA tensor which are directly related to the TPA cross-section (see Methodology section). As a result, the significant body of nonlinear optics data on TPA materials
can be fruitfully applied to exciton dynamics as well.
• Donor molecules should be used that cannot sequentially absorb two photons-i.e. cannot carry out Energy Transfer upconversion (ETU). Along the same lines, energy
transfer from acceptor to donor should be designed out. In both cases the intent is to exclude the possibility of hot excitons losing energy to heat.
• All upconversion rates depend strongly on the relative orientation of donor and acceptor components. Our simulations show that it is possible to lower the coupling between the donors while maintaining a strong coupling between the donors and the acceptor.
This would decrease the rate of ETU so as to reduce the subsequent generation of heat.
